Several classes of nozzles have been proposed in which the exhaust plume is not entirely bounded by the nozzle wall, and as a result, one boundary of the exhaust flow is in contact with the external airflow. These nozzles have the advantage that the shape of the exhaust plume automatically adjusts to varying flight conditions. However, this interaction between operating condition and plume shape complicates the analysis of such nozzles compared to traditional bell nozzles. A method that is based on Riemann interactions is proposed for the analysis of two such nozzle geometries. The method assumes two-dimensional geometries and supersonic flow. Unlike the method of characteristics, this method accounts explicitly for the presence of oblique shocks and curved shear layers. Comparisons to both experiment and computational fluid dynamics are shown. The solution method requires no grid generation and typically runs in less than a minute on a single desktop computer, which is ideal for conceptual design, control design, or control evaluation studies. It includes high-temperature gas modeling and finite-rate chemistry. 
Nomenclature

A
= area c = specific heat E x = momentum conservation error H = height or length scale M = Mach number n exp = number of discrete waves in expansion n sp = number of species p = pressure r = length of characteristic R = normalized gas constant T = temperature u = magnitude of flow velocity W = molecular weight x, y = spatial coordinates Y = mass fraction β = angle between wave and upstream flow γ = ratio of specific heats δ = deflection angle across a wave ∆ = angle of deflection caused by boundary layer θ = flowpath angle Θ = momentum thickness ε = ratio of static pressures µ = Mach angle ν = Prandtl-Meyer angle ξ = streamwise coordinate ρ = density σ = angle between wave and x-axiṡ ω = molar rate of production Subscripts 0 = stagnation value A, B, . . . = region indices e = exit conditions i = species index t = throat conditions
I. Introduction
Control-oriented or conceptual design studies of hypersonic vehicles require repeated estimates of the force either for changing flight con-ditions or for different vehicle geometries. Simple tools such as Newtonian impact theory and piston theory can be used to estimate lift and drag, but such models are not appropriate on surfaces that are downstream of the engine such as those that make up the nozzle. For some nozzles, the problem is even more difficult because the lower edge of the exhaust flow is not bounded by a solid wall. Instead, the flow is in contact with the external airflow, which introduces a free shear layer. Furthermore, estimating the performance of a ramjet or scramjet vehicle requires information about the properties of the fluid flow throughout the engine flowpath. The use of high-fidelity computational fluid dynamics (CFD) can be employed to determine the flow throughout the engine accurately, for example in [1] , but this solution requires too much computational time to be viable for control-oriented modeling.
On the other hand, simple models have been used by Bolender and Doman [2] , Chavez and Schmidt [3] , Cubbage et al. [4] , and others to estimate the performance of the nozzle. These models tend to treat the nozzle as a one-dimensional expansion. While a one-dimensional model may be able to predict thrust relatively well in certain nozzle geometries, calculating the lift is also important for an asymmetric nozzle. In this paper we consider two nozzle geometries in which the exhaust is not completely confined by the nozzle itself. That is, unlike a traditional bell nozzle, the lower boundary of the exhaust plume is a free shear layer rather than a geometric wall. Such a free shear layer can occur in any type of quasi-one-dimensional design, but we consider only two-dimensional geometries here. The location of the curved free shear layer has a significant effect on engine thrust and requires two-dimensional modeling. There has also been a significant amount of work in high-fidelity CFD and experimental validation of these cases [5, 6] . Applying a wave-based aerodynamic model [7] , which was developed for scramjet inlet analysis, is a natural extension of previous work and a compromise between the speed of a onedimensional model and the accuracy of high-fidelity CFD.
A satisfactory approach must require a relatively small amount of computational time and still yield relatively accurate solutions for nozzle forces. Instead of solving directly for the flow conditions at each point in the flow (as is done in CFD), we propose a method that solves the relevant flow phenomena directly. In two-dimensional supersonic flow with flat surfaces, the flow is limited to three wave types: oblique shock waves, expansion fans, and slip lines [8] . These waves separate regions in which the flow properties are uniform. The proposed model, which we call Supersonic Aerodynamic Model Using Riemann Interactions, or SAMURI, rapidly provides solutions for the locations of the shock waves and expansion waves using established two-dimensional supersonic theory. To make this possible in a digital computing environment, we approximate expansion fans as a number of discrete waves. After SAMURI computes the locations at which two or more waves intersect, the program solves the interactions among the waves as two-dimensional Riemann problems.
In many ways, this is a generalized and automated version of the 545 method of characteristics. However, the new solution method accounts for the possibility of shock waves, and it contains a more general treatment of slip lines. In the method of characteristics, certain conditions need to be met at each trailing edge so that shocks are not present. It is possible to modify the method of characteristics for flows with simple shock geometries and interactions between shocks and expansion waves, but certain problems such as shock-wall interactions, shockshock interactions, and curved free shear layers become intractable.
The new solution method, however, is appropriate for any supersonic conditions at a trailing edge, which may result in a shock wave either in the exhaust flow or in the external flow adjacent to the exhaust. For a typical asymmetric nozzle, shocks appear for most flight conditions even if the nozzle is configured to have no shocks at some design condition. A similar approach is used in the NASA Langley program called SEAGUL [9] which uses a shock fitting technique with a structured grid.
The advantage of this new method is that it treats expansion waves, shock waves, and slip lines in a similar way. As a result, an interaction between a shock and a free slip line is not more difficult to solve than an interaction between two expansion waves. In order to do this, we treat each finite expansion as a finite number of discrete waves rather than an infinite number of infinitesimal waves.
In addition, we introduce a model for finite-rate chemistry to this framework. Chemistry is expected to play an important role in some nozzle flows [10] for at least two reasons: recombination and consumption of unburned fuel. Recombining even a small mass of radicals can release a significant amount of heat, although this energy release might not be large in comparison with the kinetic energy contained in the nozzle flow.
Section II describes the solution method, although for some details the reader is directed to previous work [7] . New work in that section includes updates to the expansion fan and boundary layer models, and an approach that allows the consideration of finite-rate chemistry. The remainder of the paper consists of a comparison of the results of the solution method, a CFD solution, and a one-dimensional solution [10] in Section III and also a comparison to the results of an experiment involving cold flow through a linear plug nozzle [11] in Section IV.
II. Approach
The idea of SAMURI is to consider the flow to be a collection of waves rather than conditions in a collection of cells from a preconstructed grid. The waves then draw what is essentially a very coarse, highly irregular grid in which each cell boundary is either a shock, an expansion wave, a slip line, a physical wall, or an edge of the flow solution domain. Within each cell, all properties, such as density, pressure, Mach number, and flow direction, are considered to be constant. Figure 1 provides a step-by-step graphical demonstration of how the model works. The process starts with the input, which consists of the physical geometry, a rectangular flow domain, and an initial state. In Fig. 1a , the physical geometry is a simple triangular airfoil, and the dotted rectangle marks the solution domain. The last part of the input is the initial conditions, i.e. the pressure, temperature, density, Mach number, flow direction, and gas composition along the left edge of the solution domain. In Fig. 1 this is a single, uniform condition, but in general it can consist of any number of regions. For example, in the subsequent nozzle simulations, there are three initial conditions: one for the combustor exhaust and a freestream condition both above and below the vehicle.
The process then proceeds from left to right, which is approximately the same as going downstream. Obviously this limits the approach to supersonic flow, because information can propagate upstream in subsonic flow. In a given flow, SAMURI moves downstream until either two cell boundaries run into each other or there is a vertex of the input geometry. In Fig. 1b , the first action is the leading edge of the triangular airfoil. The solver determines that a shock is needed below the leading edge, and there is no change in the conditions above, so it draws a Mach wave. After determining the angles of these waves, the solver continues downstream until the next vertex, which is the bottom of the triangle. As shown in Fig. 1c , SAMURI determines that an expansion fan is needed to turn the flow upward along the surface of the airfoil. The waves from the leading edge continue unaffected.
The last interaction point in this example is at the trailing edge. As shown in Fig. 1d , the flow above the airfoil and the flow below the airfoil go through a shock to match pressure and flow direction at some intermediate value. Downstream of the trailing edge, there are no more interactions, and the waves simply continue until they hit the edge of the solution domain. The result is nine polygonal regions, as shown in Fig. 1e .
This example does not include any wave interactions, but the trailing edge problem is very similar to an interaction. More details on interactions are given in Section II.B. The other subsections describe the process for splitting a Prandtl-Meyer expansion into a finite number of waves and the ability to model finite-rate chemistry.
A. Discretization of Expansion Fans
An inviscid, supersonic, two-dimensional flow with only flat surfaces, such as the geometry in Fig. 1 , is dominated by discrete oblique shock waves, discrete slip lines, and continuous expansion fans. A real expansion fan is a continuous process, unlike the discrete representation shown in Fig. 1 . To model this continuous wave in an environment that can handle only discrete phenomena, SAMURI considers an expansion fan to consist of a finite number of discrete waves. The number can be any positive integer; in Fig. 1c , that number is three.
This concept was presented in previous work [7] but recently we have determined that a slightly modified approach to the discretization of expansion fans is preferable. The primary motivation for this new approach is that we use a control-volume approach to calculate forces. There are two approaches to discretizing an expansion fan. In the more intuitive approach, the Prandtl-Meyer expansion fan is discretized so that the value between each pair of discrete waves is along the is itself the solution to a smaller Prandtl-Meyer expansion. However, using this approach, the discrete waves themselves will violate conservation of momentum. This method will be exactly isentropic, and as the number of waves increases, the error in momentum conservation will decrease toward zero.
The alternate approach is to simulate the expansion fan as a sequence of waves that each satisfy conservation of mass and momentum. However, the solution of the conservation equations for a finite expansion wave is an expansion shock, which leads to a loss of entropy. Using this method, the error in momentum conservation will be zero, and the entropy error will decrease toward zero as the number of discrete waves increases. The remainder of this subsection explains why we use the second approach for the results in this paper, although it should be noted that SAMURI has been programmed for both discretization approaches.
Consider the simple control volume shown by the dotted line in Fig. 2 . The equation for conservation of mass for this control volume is
which balances the mass flux into the left edge of the control volume with the mass flux out of the right edge. If we consider the wave to be a discretization of a Prandtl-Meyer expansion, the downstream conditions p B , ρ B , and u B are determined as a function of the deflection angle δ and the upstream conditions ρ A , p A , and u A . Therefore, in order to conserve mass, the value of σ must satisfy Eq. (1), as was done in Eq. (26) of [7] . Now consider the conservation of momentum in the horizontal direction. This time the top and bottom surfaces cannot be ignored, and the conservation equation is
where E x is an error in the conservation of momentum. Since all of the variables in Eq. (2) are determined, the value of E x will not necessarily be zero. In other words, there is no value of σ that satisfies both Eq. (1) and (2) with E x = 0. This differs from a true expansion fan in which the density, pressure, etc. vary continuously, and all of the conservation equations are satisfied. One solution to the discretization problem is to treat the conservation equations (1) and (2), along with similar ones for momentum in the vertical direction and energy, as a system of four variables: ρ B , p B , u B , and σ. This will trade errors in the conservation equations for errors in the values of ρ B , p B , and u B . This system of equations leads directly to the equations for an oblique shock [8] . Since the deflection angle is less than zero, the solution will be an expansion shock, which destroys entropy. This entropy loss is non-physical, since continuous expansion fans are isentropic, but the inaccuracy diminishes rapidly once the expansion fan is modeled as three or four expansion shocks in sequence. Figure 3 shows the pressure recovery factor, or ratio of stagnation pressures, as a function of the number of expansion shocks used to model an expansion wave. This is a measure of how much entropy is destroyed since the stagnation pressure should be equal before and after an isentropic expansion. Now consider the horizontal force acting on the physical surface in Fig. 2 . Because a Prandtl-Meyer expansion gives the exact value for p B , one can obtain the exact value of the horizontal force on the surface by integrating the pressure along the two edges of the control volume that are tangent to the surface. For a conservative flow, we should get the same result by integrating the horizontal momentum flux through the other three edges of the control volume. If the expansion fan is modeled as a single wave with the isentropic values for ρ B and p B , then using the other three edges of the control volume will lead to an error in the force estimate equal to E x . The value for this error assuming that σ is chosen to conserve mass is
Conversely, using an expansion shock will produce the same estimate whether we integrate the momentum fluxes across the bottom two edges of the control volume or the other three edges of the control volume, but the force estimate will not be exact because of the estimated value for p B . Figure 4 compares the errors in the force estimate using both methods. The error for the expansion shock in Fig. 4b is about a thousand times smaller than each value using the discretized Prandtl-Meyer wave in Fig. 4a . In addition to the diminished accuracy in force calculations, there is another problem in that the force calculation is no longer independent of the control volume used. Figure 5 shows a slight modification of the control volume in Fig. 2 . The physical flow in this situation consists of an expansion fan followed by a shock that turns the flow back parallel to its original direction. If we choose to model this flow with a single expansion shock followed by an oblique shock, the error in the horizontal force that we would calculate would be the error in p B times the height of the ramp. However, if we treat the expansion as a singlewave isentropic expansion, the error matches that of Eq. (3), regardless of the size of the ramp. The reason for this is that all of the violation of the conservation equations occurs along the discretized isentropic wave itself. As a result, the value of E x is affected only by the length of the discretized wave within the control volume, which is independent of the size of the ramp. This example illustrates how the assumption of a discrete isentropic expansion waves can lead to large errors in force calculations in some surprising circumstances. In addition, the approach of using weak expansion shocks has the desirable property that the forces are independent of the control volume used to calculate them. Using the geometry in Fig. 1a as an example, the forces on the airfoil should be the same whether we use the dotted box outline or the surface of the triangle as the control volume.
A plausible alternative to these two models for the discretized expansion fan is to have the flow remain isentropic but allow the downstream Mach number (i.e. M B in Fig. 2 or 5 ) vary slightly from the Prandtl-Meyer value. Using such an approach, it would be possible to satisfy conservation of momentum in one direction but not in the other.
Knowingly violating the second law of thermodynamics is not exactly favorable, which is why the authors have implemented SAMURI with both models for discretized expansions. Only after a year of experience with the SAMURI method did we realize that the use of weak expansion shocks, despite the natural discomfort with this term, leads to more accurate force calculations at the cost of a small amount of entropy lost. For this application, we are most interested in the calculation of forces. A slight violation of Newton's second law is thus more unfavorable than a slight discrepancy with the second law of thermodynamics; for other applications, the opposite may be true.
B. Wave Interactions
The shock waves and discrete expansion waves are calculated using standard oblique shock theory [7, 8] . A more interesting problem occurs when two waves intersect each other. The resulting situation, which is known as a Riemann problem, is described in [7] and illustrated in Fig. 6 .
When two or more waves intersect at a single point (e.g. the two gray lines on the left of Fig. 6 ), two incompatible regions (regions A and D) come into contact. In general, these two regions can have any pressure, Mach number, flow angle, etc., but they are not necessarily consistent with each other. For two regions to be consistent with each other, i.e. they can be adjacent without being separated by a shock or expansion, they must have the same flowpath angle, θ B = θ C , and the same pressure, p B = p C . The flow in region A passes through an expansion or shock to give state B, and the flow in region D passes through an expansion or shock to give state C. The pressure-deflection function, which is written
takes all information about an input state and a deflection angle and calculates the pressure downstream of the resulting wave. Using this function reduces the Riemann problem to
Noting that θ B = θ C , we can solve this equation for θ B , which is enough to determine all of the properties of regions B and C.
The new states, B and C, are separated by a slip line, or slip discontinuity, which is shown as a dotted line in Fig. 6 . Since the velocities in regions B and C are not necessarily equal, there can be mixing that occurs between the two regions. Since the current solution method is inviscid, it does not model this mixing.
C. Compressible Boundary Layers
We include some simple modeling capability for boundary layers in which the surface of the vehicle is expanded by a distance equal to the momentum thickness. Between vertices of the surface, the boundary layer is treated as a straight line connecting the momentum thickness at the upstream vertex and the momentum thickness at the downstream vertex. In reality, the boundary layer is curved, so we can add more vertices to the geometry to get a better approximation of the true boundary layer shape. For the actual calculation of the momentum thickness, the Van Driest II method is used [12] . We use momentum thickness as our boundary layer metric because it is closely tied to drag. For example, the averaged friction coefficient for a flat plate with length L is 2Θ/L where Θ is the momentum thickness at the end of the plate. This is very convenient since we use a control volume to calculate the forces on the vehicle, although it is more common to use displacement thickness as a correction to inviscid calculations. Figure 7 gives an illustration of how this boundary layer treats vertices of the vehicle geometry. At a given vertex of the geometry, the existing boundary layer has a momentum thickness, which is marked as Θ A in Fig. 7 . If the vertex is a leading edge, Θ A is zero.
Then we calculate the shock or expansion that is caused by the change in flowpath angle due to the geometry, which gives an estimate for the state in region B. The values in region B are used to calculate the momentum thickness at the downstream vertex. However, the growth of the boundary layer means that the deflection angle between regions A and B is not exactly what was predicted. In Fig. 7 , ∆ is the difference between the angle of the boundary layer and the angle of the surface. As a result, the wave separating regions A and B needs to be adjusted slightly so that the flow in region B is tangent to the boundary layer. In SAMURI, the value of ∆ is solved at each vertex, so there is no need for iteratively solve the entire flowfield to calculate consistent boundary layers.
The boundary layer, marked as region C in Fig. 7 , is modeled as having a pressure equal to that of region B but with zero velocity. This does not provide a way to estimate the heat transfer or any other property that requires detailed knowledge of the boundary layer profile, but it does provide a first estimate of drag due to the momentum that is lost on account of the region in which there is no velocity.
D. Finite-Rate Chemistry
For the flow in very high-temperature nozzles, recombination of radicals from the combustor exhaust can play an important role, [10, 13] . For these flows, SAMURI includes a model for premixed, finite-rate chemistry. Within each region, the one-dimensional, constant-area conservation equations are solved along a streamline. Let
be the streamwise coordinate in a given region. We can then reduce the flow equations within each region to a system of first-order ordinary differential equations. The first conservation equation is found by differentiating the equation of state, p = ρRT , to obtain 1 p dp dξ
Conservation of mass demands that ρuA is constant, so
Conservation of momentum and energy take the form ρu du dξ = − dp dξ (9)
respectively, which comes from eliminating the time derivatives from the one-dimensional Navier-Stokes equations. Herec p is the massaveraged specific heat,c
Finally, the conservation for the mass fraction of each species is
where W i is the molecular weight of species i,ω i is the molar rate of production of species i per unit volume, and Y is the vector of all the mass fractions. The assumption of a one-dimensional, constant-area flow is not exact for this case, because heat addition can cause one fluid element to expand relative to another one, and it can cause shock waves and expansion waves to curve. However, this method does ensure that mass, momentum, and energy are conserved, and it will be accurate if the step size is adequately small since the angle of each wave changes with each step.
This portion of the solution method introduces a discrepancy because the finite-rate chemistry is computed along streamlines while the overall solution method is based on uniform regions between waves or shear layers. To accommodate the chemistry model, each region is broken into smaller areas so that the flow conditions can be assumed constant in each smaller region without too much inaccuracy. However, this approach means that the solution takes much longer with chemistry than without it.
In this discussion, we use the reduced mechanism of Jachimowski [14] which uses 14 species (including Argon) and 33 reactions to model Hydrogen-air chemistry. The mechanism has the capacity to model the combustion of hydrogen fuel, and it has been validated for hightemperature reactants. The enthalpies and specific heats are calculated using the NASA thermodynamic tables [15] .
E. Range of Model Validity
This subsection is included to discuss the limits of applicability for the SAMURI model. The most fundamental assumption of the model is that the flow is two-dimensional and supersonic. The boundary layer is simulated as a wall displaced by the momentum thickness, Θ, which is calculated using an empirical formula. Further, the boundary layer is assumed to be fully turbulent. Consequently, the solution method is not appropriate for flows with separated boundary layers. In addition, interactions between shocks and boundary layers are not modeled.
Within this flow regime, the main flow phenomena outside the boundary layer are shock waves and expansion fans. The expansion fans are modeled as several discrete expansion waves. The interactions between waves are solved using Riemann interactions, and the mixing layer along the slip line is ignored.
The model is only valid if the fuel, air, and combustion products are fully mixed. That is, SAMURI does not have a model for mixing. The chemistry is assumed to satisfy one-dimensional conservation equations along streamlines. This combination of assumptions was tested for Mach numbers up to 18, and it may be valid for even higher Mach numbers providing that the Knudsen number is low. However, the upper bound on the Mach number where SAMURI is applicable would be lower in flows with shock-boundary layer interactions. The model is also not valid for isolators, where the shock-boundary layer interactions play a critical role.
III. Scramjet Nozzles
The primary motivation for this work is to enable the development of a tip-to-tail model of a scramjet vehicle that can run in a few seconds on a single desktop computer. One of the tools required to do this is a nozzle model that can handle strong expansions and the possibility of shock waves. It is possible to design a two-dimensional scramjet nozzle that has ideal performance at a given condition, but if the ambient pressure or combustor exhaust condition changes, the analysis can become substantially more complicated [16] .
A. Comparison to CFD
To assess the uncertainties associated with our simplifying assumptions, comparisons are made between SAMURI and high-fidelity results. We used the nozzle geometry from Sangiovanni et al. [10] . They analyzed a nozzle with a very high expansion ratio and considered flight at a high flight Mach number of 18 in order to emphasize the potential role of hydrogen/air chemistry in the nozzle. We compared the SAMURI simulation to both the one-dimensional results that are available in [10] and a CFD simulation that we performed using the commercially available code CFD++ [17] . The temperature contours from the two two-dimensional simulations are shown in Fig. 8 . For the simulation, the wall temperature was set to 2000 K.
The nozzle design consists of a single upper ramp with an angle of 12.431
• and a length of 8.441 m. The cowl is a flat plate with a length of 2.110 m (one quarter as long as the entire nozzle). The nozzle inlet conditions are given in Table 1 . According to [10] , these conditions come from a simulation for a flight Mach number of 18, so the freestream conditions were selected for a dynamic pressure of 1.0 atm and a Mach number of 18. The freestream conditions are given in more detail in Table 2 . In Fig. 8b , we used the commercial CFD package CFD++ [17] to obtain a high-fidelity analysis of the same two-dimensional geometry. The CFD solution included viscosity, compressibility, and finite-rate chemistry. The turbulence in the flow was modeled using a standard k-ε scheme, and the boundary layer was assumed to be fully turbulent. The two-dimensional grid consisted of 3 × 10 5 cells with a higher density of cells in the boundary layers and along the slip lines downstream of the trailing edges. To obtain a good comparison of the computational times required for each model, we completed the CFD analysis on the same computer as the reduced-order models. The computer used has a 2.66 GHz processer with 3 GB of RAM. Both simulations were run as single-process computations in a 32-bit architecture. The CFD computation required approximately 16 hours for the normalized residuals to converge to 10 −4 while SAMURI simulation required about 45 seconds.
The comparison of temperature contours in Fig. 8 show similar overall results for both models. The exhaust flow has a higher pressure than the ambient pressure at both the trailing edge of the cowl and the trailing edge of the nozzle, causing the exhaust plume to expand in both cases. The primary difference is that the contours are more angular in Fig. 8a , and SAMURI also predicts a slightly lower temperature in the center of the exhaust plume.
Another form of comparison is shown in Fig. 9 . At each xcoordinate, we calculated the mass flux-averaged thermodynamic properties across the exhaust plume. Thus the average value of a quantity φ at a given x-coordinate is
ρ(x, y)u(x, y)φ(x, u) dy
ρ(x, y)u(x, y) dy (13) where y 1 (x) is the bottom of the plume and y 2 (x) is the top of the plume. Fig. 9a shows the average temperature, and Fig. 9b shows the average mass fraction of OH. We also considered another model to show the relative importance of chemistry, which was a SAMURI simulation with the finite-rate chemistry turned off. This is labeled "SAMURI, frozen" in Fig. 9 . Using the averaging approach from Eq. (13), the three two-dimensional solutions can be compared with the results from a one-dimensional simulation with variable area. In the one-dimensional simulation, the streamline from the end of the cowl is assumed to be straight, which is the same approach as what is taken in [10] , except that a different chemical mechanism is used here. Figure 9a shows that all three models with chemistry predict similar temperature profiles. The model without chemistry predicts a temperature that is too low because it is missing the extra energy that is released during recombination. Similarly, Fig. 9b shows that the three models with chemistry give the same prediction for the amount of OH present, while the frozen simulation by definition predicts a constant mass fraction.
The CFD result for integrated thrust of the nozzle is 10.37 kN/m while SAMURI gives 9.44 kN/m, and the one-dimensional simulation gives 9.40 kN/m. All three of these results are within 6% of each other. However, the CFD prediction for lift is −0.894 kN/m while SAMURI gives −0.321 kN/m, and the one-dimensional simulation gives +8.86 kN/m.
The reason for this large discrepancy in lift prediction is that the flow velocity as a significant vertical component at the trailing edge of the nozzle. Fig. 9c shows the average vertical velocity component as a function of x for the four solutions. Although the one-dimensional simulation is able to predict most of the thermodynamic properties correctly, and thus provide a fairly accurate prediction of thrust, it does not have any model for the vertical component of the velocity. For an asymmetric nozzle, which is typical of a scramjet vehicle, predicting the vertical velocity is critical because it affects the lift generated by the nozzle. For dynamic simulations such as those that motivated this work, an estimate of the lift is essential. As a result, although our results agree with [10] that chemistry in the nozzle can affect the thrust by as much as 10%, we find that calculating the lift requires a twodimensional model. 
B. Role of Chemistry
The condition in the previous section was specially chosen to emphasize the importance of chemistry in the nozzle. In addition to the high flight Mach number of 18, the nozzle inlet condition described in Table 1 corresponds to an unusually large fuel-air equivalence ratio of 1.85 [10] . At lower Mach numbers and equivalence ratios, there is much less energy stored in radicals at the nozzle inlet. However, a lower Mach number means less kinetic energy, so it is possible that chemistry could still have a noticeable effect on thrust. Table 3 lists the nozzle inlet condition for steady level flight at an altitude of 26 km and a Mach number of 8 according to a conceptual design analysis for an entire scramjet vehicle. The equilibrium condi- tions were calculated using NASA's Chemical Equilibrium with Applications (CEA) program [18] [19] [20] . The inlet model used in this simulation is described in [7] , and the combustor model is described in [21] . Of particular note is that the combustor model is based on a diffusion flame. The nozzle model, which assumes a fully mixed flow, predicts that the flow would almost instantaneously (within 0.3 m despite a flow velocity over 2 km/s) jump to the equilibrium condition. Meanwhile, the combustor model predicts that the thermodynamic properties are relatively steady at the end of the combustor [21] . If we are to believe this model for the vehicle, the reaction rates switch from nearly zero before the end of the combustor to exceedingly high values at the start of the nozzle inlet. Given the unlikeliness of this combination, we conclude that either the assumption of a diffusion flame throughout the combustor (which makes the non-equilibrium chemistry at the end of the combustor possible) is incorrect or that perfectly mixed flow at the nozzle inlet (which leads to a spike in the reaction rates) is an incorrect assumption.
To evaluate which is the correct conclusion, we would need another source of validation, such as an experiment in which the heat release could be measured throughout the combustor and nozzle flow. Without more information, assuming frozen chemistry in the nozzle is more consistent with the existing combustor model since a sudden temperature jump on the order of 100 K at the beginning of the nozzle makes little sense.
IV. Linear Plug Nozzles
The linear plug nozzle shown in Fig. 10 is similar in appearance to a two-dimensional scramjet nozzle. However, the operation is significantly different because the flow enters the nozzle at an angle. The flow is dominated by a large expansion fan centered at the lip of the cowl, and the curved upper surface of the nozzle is determined to create a uniform flow downstream of the nozzle. In this section, the design relationships are discussed, and a comparison between the results of the current model and an experiment are shown. 
A. Design
A linear plug nozzle is designed to have ideal performance for a particular ambient pressure [11, 22] . The nozzle is then designed so that a single expansion fan turns the flow to horizontal from an angle θ t , and a detailed analysis can be found in [11] . This angle is chosen so that the pressure downstream of the expansion matches the ambient pressure. Since the expansion is isentropic, this means that
For this design, the flow is choked at the throat location, so M t = 1, and we assume that the value of p e /p t is given. This allows us to solve for M e , the Mach number of the exhaust.
Throughout the nozzle flow, the Mach number varies from 1 to M e , and a straightforward application of the method of characteristics can be used to obtain the nozzle geometry that would make this possible. Figure 10 shows an example geometry where µ = sin −1 1/M is the Mach angle. The result is a parametric equation for the nozzle surface, (x, y) = (r cos σ, r sin σ)
where both r and σ are functions of M. Then as M ranges from 1 to M e , the entire upper surface is traced. Although a single operating condition is used to design this nozzle, the main advantage of the geometry is how well it performs at off-design conditions. Compared to a traditional bell nozzle designed using the method of characteristics, a linear plug nozzle has the same exhaust velocity, pressure, and area at the design condition. In other words, both designs produce the same amount of thrust. However, the two designs have substantially different performance when the ambient pressure deviates from the design value. In a plug nozzle, the area profile of the exhaust plume changes depending on the ambient pressure and flow velocity, as opposed to the fixed-area profile of a bell nozzle. The result is both improved performance and a substantially more difficult problem to model [23] .
Accurately modeling the shape of the exhaust plume is essential for predicting the thrust of a plug nozzle [24] . For example, consider the case that a nozzle is operating at a supersonic flight speed and an ambient pressure below the design condition. In this case, the expansion fan will extend past the end of the nozzle upper surface, and the plume will extend below the x-axis, in the coordinates used in Fig. 10 . The freestream air adjacent to the exhaust plume must go through a shock in order to match the pressure at the edge of the plume. In other words, there is a Riemann problem at the lip of the cowl, and SAMURI is ideal for modeling the plume shape.
For practical reasons, it is common for actual plug nozzles to be truncated, which reduces the weight of the nozzle and the heating load at the very narrow trailing edge. However, part of the exhaust forms a recirculating region in the wake of such a truncated nozzle, so that the performance is not completely degraded [24] [25] [26] . The separated flow is substantially more difficult to model, but SAMURI could be modified for this problem with the help of an accurate model of the pressure behind the base of the truncated nozzle.
B. Comparison to a Plug Nozzle Experiment
An experiment involving a linear plug nozzle was done by Chutkey et al. [11] . In the experiment, pressurized air exited through the nozzle into ambient stationary air. The nozzle was designed for the case when the stagnation pressure of the exhaust flow, p 0,1 , is 60 times higher than the ambient air pressure, p e . The experiment was run for pressure ratios, p 0,1 /p e , varying from 10 to 60. The primary data available from the experiment is pressure along the nozzle contour.
The highest and lowest pressure ratios were selected for the comparisons between the experiment and the SAMURI solution method. The temperature fields as predicted by SAMURI are shown in Fig. 11 . Because the measurements are for pressure, which is only marginally affected by the presence of a boundary layer, the SAMURI simulations for the comparison calculated using the inviscid, dimensionless mode.
The direct comparisons between the pressure readings from the experiment and the pressure at the same locations from the simulation are shown in Figs. 12 and 13 . Figure 12 shows the comparison for the case that the stagnation pressure ratio is 60, and Fig. 13 shows the comparison for the case that the stagnation pressure ratio is 10. In both cases, three levels of discretization were used. In the first simulation, the nozzle contour is split into 25 flat panels, and the maximum pressure ratio across an expansion shock is 1.1; in the second simulation, the nozzle is instead split into 50 ramps; and in the third simulation, the nozzle is split into 50 ramps, and the maximum pressure ratio across an expansion shock is 1.07.
The pressure agreement is quite good, especially in that the simulation and the experiment both show an increase in pressure starting at around 0.12 m in Fig. 13 . This results from compression waves caused by the exhaust flowing into the plug, and it is visible as a darker patch in Fig. 11b . The most significant difference between the two results is the slightly higher pressure in the middle part of the nozzle shown in Fig. 12 . However, this discrepancy also was present in the CFD simulation done by Chutkey et al. [11] .
The differences among the three levels of discretization are relatively small. In all three cases, the pressure trace along the surface of the nozzle is jagged, although it should be smooth according to theory. This is a result of the fact that the waves of the discretized expansion fan do not exactly intersect the kinks in the nozzle surface, and so SAMURI models the nozzle as a sequence of expansions and weak shocks rather than a single uniform expansion. This indicates that a relatively high resolution is needed to accurately calculate the pressure along the surface of the nozzle for this type of geometry since it is dominated by curved surfaces and a large expansion fan. However, even for the finest resolution, computation time was much less than a minute. It should be possible to increase the resolution of the SAMURI solution until the results are smooth. but SAMURI has a tendency to combine pairs of weak interacting waves into a single wave. This prevents the number of waves from cascading to infinity in the downstream portion of a flow solution, but it also causes some artificial jaggedness even when the resolution is set relatively high. In the current implementation of SAMURI, the high-resolution solutions presented here are the maximum that are allowed before the program runs out of memory.
V. Conclusions
A two-dimensional solution method was developed that can analyze shock waves, expansion fans, and finite-rate chemistry. The method solves interactions between waves as a Riemann problem. Using a single desktop computer with a 2.66 GHz processor, the model can usually run in less than 10 seconds without finite-rate chemistry or about a minute with finite-rate chemistry. These numbers correspond to a reasonably complex geometry; for simpler geometries or geometries with few expansions, the times can be under one second while more complex geometries can take much longer. A simple empirical boundary layer model was also included in order to displace the flow by the momentum thickness. The primary advantage of this type of model is its ability to simulate different geometries rapidly with modest computational requirements, which is useful for control-oriented simulations and conceptual design studies.
The model has been validated against both experiment and CFD. The analysis with two types of nozzles complements previous work on scramjet inlets. Because it is able to provide predictions for both thrust and lift, it is a useful tool for conceptual design. The primary application of this method is analysis of existing geometries. Using a characteristic net with the traditional method of characteristics, it is possible to assume a flow and trace a surface that would generate the desired flow. The current solution method cannot be inverted in such a way, but it can be used as a design tool using an iterative inverse design approach. However, for more complicated design objectives, such as integrated performance along a trajectory, shocks will inevitably occur in the nozzle for some flight conditions. For this type of objective, the SAMURI solution method can serve as a useful design tool.
